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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECENICAL NOTE 3712

BOUNDARY IAYER BEHIND SHOCK OR THIN EXPANSION
WAVE MOVING INTO STATIONARY FLUID

By Harold Mirels

SUMMARY

The boundary layer behind e shock or thin expansion wave advancing
into a stationary fluld has been determined. ILaminar and turbulent bound-
ary layers were considered. The wall surface temperature behind the wave
was also investigated. The assumption of a thin expansion wave is valid
for weak expansions but becomes progressively less accurate for strong
expansion waves.

The laminar-boundary-layer problem was solved by numerical integra-
tion except for the weak wave case, which can be solved analytically.
Integral (KArmén-Pohlhausen type) solutions were also obtained to provide
8 guide for determining expressions which accurately represent the numer-
ical data. Analytical expressions for various boundary-leyer parameters
are presented which sgree with the numerical integrations within 1 percent.

The turbulent-boundary-layer problem was solved using integral meth-
ods similar to those employed for the solution of turbulent compressible
flow over a semi-infinite flat plate. The fluid velocity, relative to
the wall, wes assumed to have a seventh-power profile. The Blasius equa-
tion, releting turbulent skin friction and boundary-layer thickness, was
utilized in a form which accounted for compressibility.

Consideretion of the heat transfer to the wall permitted the wall
surface temperature, behind the wave, to be determined. The wall thick-
ness was assumed to be greater than the wall thermal-boundary-layer
thickness. It was found that the wall temperature was uniform (as a
function of distance behind the wave) for the laminar-boundary-lasyer case
but veried with distance for the turbulent-boundary-layer case.

JINTRODUCTION
If a shock or expsnsion wave advances into a stetionary fluid bounded

by a wall, & boundary-layer flow is established along the wall behind the
wave. This boundary-lsyer flow 1s often important in studies of phencmena
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involving nonstationary waves (e.g., shock tube studies, initiation of
detonation studies, etc.).

In references 1 to 3, the laminar boundary leyer behind a shock
wave is studied. The purpose of this paper is to extend reference 1 to
include the case of thin expansion waves (i.e. » expansion waves of zexro
thickness) and the case of turbulent boundary lsyers. This extension
was motivated primarily by a desire to provide boundary-layer informa-
tion for studies of shock attenuation in a shock tube (e.g., ref. 4).

6S6¢S

The assumption of a zero-thickness expansion wave (referred to as
a "negative shock” in ref. 4) becames progressively less accurate as the
strength (pressure ratio) of the expansion wave increases. Thus, the
applicability of the boundary-layer results in shock tubes whereln strong
expansions occur may be questioned. Nevertheless, the agssumption of a
zero-thickness expansion wave will be retained for ranges of the param-
eter “"w/ue (symbols defined in appendix A) corresponding to strong ex-
pansion waves. The reason for retaining the assumption is twofold.
First, a qualitative estimate of the boundary layer in the constant-
pressure region behind strong expansion waves is obtained. It may be
possible to modify these results to give better agreement with more ac-
curate estimates of the boundery layer behind a strong expansion wave.
Second, the results are directly applicable to other physical problems
such as (l) the boundary layer on & semi-infinite flat plate with tan-
gential blowing and (2) the boundary layer behind a plenar flame front
propageting in a stationary combustible mixture.

An independent investigation of the boundary layer behind an ex-
pension wave, taking into account the finite thickness of the expansion

wave, is currently in progress at the NACA Langley laboratory.

ANALYSIS

A shock or expansion wave is considered to move with constant veloc-
ity, parallel to a wall, into a stationary fluid (fig. 1). The boundary
layer along the wall behind the wave is to be determined. In the case
of an expansion wave, finite thickness of the wave will be ignored. Both
laminar end turbulent boundary layers will be considered.

- Coordinate Systems

Let X,¥ be a coordinate system fixed with respect to the wall and
let u,v be velocities parallel to X,y as indicated in figure 1(a).
The flow is unsteady in the X,y-coordinate system. Let X,y represent
a coordinate system moving with the wave (fig. 1(b)). The velocities
parallel to the x- and y-coordinates are denoted by u end v, respec- -
tively. In this coordinate system, the flow is steady.
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Assume that at time + = O the two coordinate systems coincide.

If Ed is the velocity of the wave relative to the wall, then x and

x are related by x = x - Edt. The axisl velocities are related by
U=u-u;. Note that the wall moves with velocity u, = -ug in the

x,y-coordinate system. The transformation relating the two systems can
also be expressed as

- N
XsXxX - t
o ™
& Y=y
N
_ ’ (1)
u=u"uw
Vv=v /

Equations defining conditions across the shock and expansion waves are
summarized in appendix B.

CT-l back

Laminar Boundary Leyer

The Prandtl boundaxry-layer equations apply for the flow in the vi-
cinity of the wall, except at the base of the wave where the boundary-
layer assumptions bresk down. By assuming laminsr flow and dp/dx = 0,
the boundary-layer equetions for x >0 are

Jou , v . (28)

(2b)

2
P(u%+v%)=-a%_(k %r.y)-b“(—?—hyu) (2¢c)
p = pRT (24)
The boundary conditions for x >0 are
u(x,0) = u_ u(x,=) = u,
v(x,0) =0 (3)

(x,0) = T T(x,) = T,
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These equations can be transformed to a form suitable for numerical in-
tegration. In accordance with reference 5, it will be assumed that u
and k are proportional to T and that Cp and o are independent

of T. These state properties will be defined to have the correct numer-
ical values at the wall. The use of a mean reference tempersture, rather
than a wall reference temperature, is discussed in appendix C.

From equation (2a), a stream function V¥ exists so that
ou %ﬂr
Py

e
Py

oy
x
Define a similarity parameter

N . (5)
\E ) T

and assume that V¥ can be expressed in the form

¥ = y2u v £(n) (6)
The velocities are then
X - e
u
e
(7)
v
¥y .. —-Zx‘u" (f+2:cﬁ" %)
u, P e

Assume that p end k are proportional to T and choose the constants
of proportionality so that u end k have the correct numerical values

6S6¢
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at the wall; similarly, assume that c_ and o are constent at their
wall values. Thus, P

Hyr
p=gF T

]

The momentum equation can now be written
£ 4 PP = O\
£(0) = 0 g
£1(0) = uw‘/ue
£ (=) =1 _J

end the energy equabtion becomes

(—') i (‘) > o

M = ;__: & (10)

(9)

'Te J

Since equations (10) are linear, T can be expressed as the linear super-
position of the solution for zero heat transfer plus the effect of heat
transfer. That is,

2 u2r(n) [m
TE-=1+(E—W—) ——ZTC +T—W-T—r s(n) (1)
e e € D,W e ..7e
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where

2
Ir _ 1+(-1—1—w s 2 u_r(0)
g u, 2Te°p,w

Te
and r(n) and s(n) are defined, respectively, by

\

-ZO'W 2

1‘" G I (f")
TR
r(w) = r'(0) = 0 J

and
8" + ofs!'=0
s(0) = 1
s(=) =0

Equetions (13) and (14) can also be expressed in quadrature form:

s =f w fercn) de“l/.[ Q [ern] "en,
n 0

Boundary-layer parameters of interest may now be expressed es

$

_ (u g;_;)w = ug2"(0) oo

q, = (—-k g%)w = -s'(O}(T_ - T,) BE%‘L-""%J

(12)

(13)

(14)

(15)

(162)

(16p)

636S
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2 u2
- im(’l'f)‘f(zw 1)%‘ ™ an +
e e, o

moE
(TEE - T_r) 8 d:q] (16c)
e e
0
@ v v
3 5" = Lax=g2x (164)
ue U.e

0

where q equals the heat transfer in the +y-direction. Equation (164)
results from the expression v /u, = dd /dx, which can be deduced from
the conbinuity equation and the definition of &X.

- Equations (9) to (15) cen be integrated enslytically for
W/ - 1| <<1 (i.e., weak waves). The integrations were conducted
in reference 1 and the results are summsrized as follows:

R O R RIS )

f'-1=Erfc(—_3_£](z—:- )+o(§’—e- )2 (17b)
£ - '\/f—c—: - )e-"zl 2 . OG—Z - )2 (17¢)

/2 2
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L[ordn=-%+0(-zf-) (17¢£)

s = erfc %Hn +O(;1u£-) (17g)

e

s'(o)=-‘v2——:l’+ o(%- ) (17n)
L["s dn=\%+ O(E—Z' ) (171)

Equations (15) are integrable for o = 1. The results show

r=1 - ha (183)

(18p)

g= il =1 (18c)

& dn = 1im [-2—=1 (18a)

Equetions (9) bave been integrated numerically (using an IBM card-
programmed electronic calculator) for uW/ue = 1.5,.2, 3, 4, 5, and 6,
and the results are presented in reference 1. The range 1< uw/ue < 6

6S6¢S
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covers the entire range from very weaek to very strong shock waves.
Equations (15) are also evaluated in reference 1 for o, = 0.72 and

uW/u.e = 2, 4, and 6. In order to extend the numerical calculations to

the case of a thin expansion wave, eq_ua.tions_(g) have been integrated for
u,/u, = 0, 0.25, 0.50, and 0.75 (table I). The case u_fu, =0 is the

well-known Blasius problem for flow past a semi-infinite flat plaste and
is included herein for the sake of completeness. Equations (15) were
integrated for u_fu, = 0, 0.25, 0.50, 0.75 and o = 0.72 (table I).

From appendix B, the limiting value of wu_/u, for strong expansion waves
YW v -1

is E;=T+l.

nique described in appendix B of reference 6. The results of reference 1
for u,fu, = 2, 4, and 6 are also included in tsble I.

These calculations were made using the integration tech-

Integral solution. - The numerical integrations of equations (9)
and (15) have the limitation that only specific values of uW/ue and
o, cen be trested. The analytic dependence of the boundary-leyer pe-
rameters on uw/ue and. o, 8are not explicitly defined by these specific
solutions. In order to obtain epproximaste analytic solutions, an inte-
gral (Ké&rmén-Pohlhausen) method of approach will now be used. The re-
sults will be used later in this section to obtain analytic expressions

which accurately represent the numerical data presented Iin table I of
this report.

Integrating equations (9) with respect to 1, in the range
0 £ 1< », gives the integral form of the momentum equation

£"(0) =f £'(1 - £')an (19)
0

Let y=§ be the edge of the boundary lsyer from a Pohlhausen point of
view. The corresponding value of 1 1is designated ng- Define

= n/ﬂg- The velocity £' is now represented by a fourth-degree poly-
nomial in ¢ in the range O0< t< 1.l Using the two boundary condi-

tions on f£' noted in equations (9) plus the boundary conditions
(f"')g=0 = 0, in order to satisfy equations (9), and

e ——— e —

]References 3 and 7 also used integral approaches employing fourth-
degree polynomials in studies of the laminsr boundary layer behind moving
shocks. In reference 8, a normalized error function wes used instead of
the fourth-degree polynomial. This resulted in very good agreement with
the exact numerical integration of the corresponding boundery-layer
equetions.
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(£") t=1 = (£m™) tel = 0, in order to get a smooth joining with the ex-
ternel flow, gives

for 0< ¢< ],

£ =u—"’-(-u—w- )(zg -2t3+ g"‘)

u, u,
for 1< ¢, (20)
£t =1
Equation (19) can be written as
1
£"(0) = ngf £1(1 - £r)ag . (21)
0]
Substituting equations (20) into equation (21), noting
£"(0) = _&(1 - u—‘-’) gives
ng Ue
315
g = 2 o (22)
74 + 115 —
Ue

which, together with equations (20), defines £'. The following quan-
tities are of interest:

-y 74 + 115 X
f"(O) = (l - E;) T—ug (258.)
lim (n - f)Ef (L - £")ay
L e o
=2 (1 - k) 515 (23b)
10 Yo/ \ 74 + 115 E-W

e

Equetions (23) are compared, in table II, with the exact integration of
equations (9) for u, = 0, 1, and 6. Tt is seen that equation (23=a)

6962
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agrees within 4 percent with the exact integration. Equation (23b)
egrees within 2 percent at uw/ue = 0 and within 10 percent at

uw/ue = 6. Table II serves to indicate the accuracy of the integral
method of solution of the momentum equation.

Substitution of equations (20) and (22) into equatioms (15) gives

r = G(o‘w,g) (24a)
8 = H(UW:Q) (24p)
f r an = ngloy) (24c)

0
f s dn = nad{o,) (244)

0
s'(0) = K(o,)/ng (24e)

where

F(£) = (L - £)°(2t + 1) (25a)

1 Oy Qz 2-0,,
6{a,t) = 80, [ frec,)] e, lj [re)] Vat, ()
1 C. 1 O
#o_,t) = f [ree,)] oty / f [Fep)] e, (e
t 0
1

I(ow) = [ (o ,t)at (254)
1

3(o.) = f H(o_,t)at | (25¢)
0

T c.
K(o )= -1 /f' F(t;)| “at (25¢)
[ b,
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Equations (24) define the functionel dependence, on o_,{ and u,fu,,
of the various quentities noted to within the accuracy of the integral
method. Equations (25) can be integrated analytically for "o = 1. For
other Prandtl numbers, numerical integrations, or approximate analytical
integrations would be required.

Equations (24c) to (24e) indicate that the functionsl dependence of

(-] -]
f r dn, f s dn, and s'(0) on o, is independent of “w/ue’
0 0

C“:?arison of equation (24d4) with the exact solution for s'(0) at

u, =1 (i.e., eq. (17h)) indicates that K(o’w) should be proportional
to crwl/ 2, However, comperison of equation (24d) with the exact solution

tion for wu_fu, = 0 (ref. 5) indicates that K(o_) should be proportional

6S6¢

to le/ 5 for o, in the range 0.6 <& o’w< 1. The disecrepancy is due to

to limitations of the integral method. Hence equations (24) end (25)
would have to be modified if greater accuracy is desired. Possible mod-
ifications are indicated in the next section. Comparison of equations
(24c) and (24d) with equations (17f) and (17i) indicates that, for uw/ue

near 1, I(g.) is a constant while J(aw) varies directly as 1/+/0.

Tnterpolation formilas. - Equations (23) and (24) can be used as a
guide to obtain analytic expressions which accurately represent the data
obtained from the exact mumericel integrations of equations (9) and (15).
The verious boundary-layer parameters are assumed to depend on uw/ue

end o as follows:
114
—f—@——:cl 1+c2ﬁ (26a)
1- ¥ Ye

w

Ye
c
1im =L - 3 (26b)
. R . Yy
u 1+4+C, —
e 4 q
e
c Dis+Dg g/
r dn = S — (o) © (26¢)

Yy
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D+Dg(u,/ue )

8 dn = ———— (o )
Vl+c b
0 8 ug

Dg+D; o {u, fu, )

8'(0) = Cqg AR + 0y Z—Z (o)

£(0) = cow)Dll"'DlZ (u/u,)

13

(264)

(26e)

(26r)

The case of an expansion wave and a shock wave are distinguished by

ls u, < 6. The results are,

for 0 v fu <1,

1t
£700) . o.470}f1 + 1.887 ¥
. "
ue
L Ao f ___ 1.217

» Uy
L - ‘V:L+1.:*.szc'su—W
e IR

1.686 0.22(1-u /u,)
(o)

rdn = W

1+ 1.234—111-’
0 U |

1.217 -0.56-0.14(uw/ue)

g dn = (o)
’V:L +1.326 X

Ue

o

(o)

{0) =--0.470 1 1.887 —
s'(0) /V + TR

' 0.50-0.13
x(0) = (s,,) e

wr:l.'bj‘-:? separate formmlas for the ranges O < uw/ue< 1l and

o 0.35¢0.15(u /u,)

(27a)

(27b)

(27¢)

(274)

(27e)

(27£)
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n
£7100) _ o.489 |1 + 1.665 ¥ (27a')
1-—= Ve
ue
1im -1 'ui = el 155 (27p")
!
%L - = V1+1.ozz—l’
e Yo
” 0.045(1-u_/u,)
r dy = 1.569 (o) (27c')
1+ 0.9335 ¥
) u,
” -0.47-0.029(u_/u_)
8 dn = ——iSt (o,) © (274')
1+1.022 Y
(o) U,
0.48+0.022(u_/u_)
8'(0) = -0.489 Vl + 1.664 z—w (o,) ol (27e")
e
0.39-0.023(u,_/u,_)
r(0) = (o) © (27£1)

Equations (27) were obtained by matching equations 26), at the end
points of the intervals 0 < (ufu ) <1 and 1< (u,/u,) <86, with
the exact integrations of equations (9) and (15) (teble I). Equations
€27g agree with table I to within 1 percent. The accuracy of equations
27) cen be estimated from teble ITT, which compares equations (27)
with teble I for the intermediste points ug,/u, = 0.25, 0.50, 0.75, 2,
and 4.

Equations (27) are based on numerical solutions corresponding to
o,=1 and o, = 0.72. They should give reasonable estimates for other

values of oy of this order (i.e., 0.6 €0, <1). An exact appraisal

of equations (27) for o other than 1 and 0.72 requires further inves-

tigation of the exact integrations of equations (9) and (15). Such an
investigation is considered beyond the scope of this report.

6562



3959

NACA TN 3712 15

Wall surface temperature. - Until now it has been assumed that the
well surface temperature is constant behind the shock or expansion wave.
This can be shown to be true for a laminar boundary layer. The magni-
tude of the wall temperature will now be determined, assuming that the
wall thickness is greater than the wall thermal boundary layer.2

In the steady x,y-coordinate system, the well has a uniform veloc-
ity wu,. However, there is a thermal boundary layer in the wall which
is similar to thet in the adjacent fluid (fig. 2). Assume that before
the appearance of the wave, the fluid and the wall were in thermal equi-
librium et the temperature T,,.

When a quantity is discontinuous across y = O, the subscripts w
and O~ will be used to indicate quantities evaluated at y = OF and
y = 0, respectively. Neglect the variation of state properties (such
a8 k, p, etc.) in the wall and write the diffusivity of the wall as

or.o_ = (p%) . By using boundary-layer assumptions, the energy equetion
DJ A=
0
for the wall becomes
% - Jo- ¥ (28a)
%yt
with the boundary conditions, for x = O,
T(x,0) = T
(28p)
T(x,-=) = T

Equation (28a) can be obtained from equation (2c) by assuming the wall
%o be equivelent to a fluid with p = v = O. Assume (to be verified
later in this section) that T, is constant. The solution of equations
(28) is then

Ty - T -y
——-—TW =y erf NomIe (29)

2The problem of the wall surface temperature associated with the
laminar boundary layer behind a moving shock wes solved, independently,
in reference 8. The development in reference 8 is scmewhat more de-
tailed than that given herein. The results are essentially in agree-
ment with this report.
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The heat transfer in the +y-direction at y = 0~ is

_ a:n)
_E |-k
o= (+F)

-7 -
= (Tb W)ko (50)

) fu,

From equation (16b), the heat transferred into the fluid is

q, = -s'(0)(T,_ - T) uegf*“’ (c};;w) (31)

Equations (30) and (31) may be equated, yielding

Ty - T _, [(m/m) - 1]

Ty 1+A

T,

-s'gog
\/— (= =

Equation (32a) is solved for T_ by iteration (since A and T,k are
functions of T_). The choice T, =T , to stert the iteration, is a
good first approximation. Note that T,  is a constant, which is con-

sistent with and, therefore, substantiates the orig:l.na.l assumption to
this effect.

= A(—Tﬁ - 1) + 0(a2) (32a)

where

The ratio T /B can be expressed as a function of wu,fu, and

r(0) by use of equation (12) and equations (B3), (B4), (B7), and (B8)

of appendix B. The results are (assuming Cp,e = °pw

6562
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for uw/ue>l, w o -
_:_?__l=(uw_l> €+])+ €-1>r(0)
b dfrtl N

Ye ) A

(33a)

r-1 u

for v = 1l.4; r(0) =1

for uw/ue <1,

T -1Vl + 1 S 2 2 Wy 2
s (R [Py () |- o
\

L 2[Blnfne) - 3]0 - wfug)

25(u_fu_)?
o) -]

It should be noted that for Tr/EDb > 1 the heat transfer is from
the fluid to the wall, whereas for ijﬂlb < 1 the heat transfer is from

the wall to the fluid. Thus, for the flow behind a shock wave (eq. (33a))
the heat transfer is always from the fluid to the wall. However, for the
flow behind an expansion wave (eq. (33b)) the heat transfer is from the
wall to the fluid for relatively weak expansion waves and fram the f£luid
to the wall for strong expension waves. When y = 1.4 and r(0) =1,

the chenge in the direction of heat transfer occurs at pe/py = (2/3)7.

This chenge in heat-transfer direction is a consequence of the fact that
the stagnation temperature (relative to the wall) behind a thin expansion
2r

for v =1.4; r(0) =1

1T-1
wave is less than T, for Pe/Pb > (H) and is greater than T,

T-1
3 -
for Pe/Pb < (F—_l_%) . The boundary-layer recovery temperstbure I.
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equals the free-stream stagnation temperature (relative to the wall)
for r(0) = 1 and is somewhat less than the stagnation temperature for
r(0) < 1. If the finite thickness of the wave is taken into account
for a very strong expansion wave, it is expected that the heat transfer
will be from the wall to the fluid for the early stages of the expansion
and from the fluid to the wall for the final stages of the expansion.

The order of magnitude of (T - T,)/B, will now be determined.

Equations (17h), (27e), and (27e') indicate -B'CO)’\’EE— ‘\’u—u: g 1.
w

Therefore, A can be approximated as
A =hl— — (34)

If k is proportional to T and Cp 1s constant, then the value of

k/ -\/c_r. is independent of temperature for a glven gas. Assume the fluid
to be air and the wall to be cast iron (carbon, approx. 4 percent) both
initially at a temperature T, = 530° R. Using the property values of

reference 9 evalusted at 530° R gives A £ 0.0004. Substituting equa-
tions (33) into equation (32a) yields, with A = 0.0004, r(0) = 1, and
T = 1.4,

for ufu, > 1,

o) e
f°r“u<:’-Tb . P1/7 o N7
lq— & - 0.0008 S(P—:) - 2|l -(5—3) {35b)

The wall will remain within 0.1 percent of its original temperature for
shocks up to Mb 2 3 and for all expansion waves. The wall will remain
within 1 percent of its original value for shocks up to Mb 2 9 and
within 10 percent of its original value for Mb £ 27. Similar results

would be obtained if other gases and wall metals are used. The impor-
tant perameter ]g,/ko_ is small because of the relatively low heat con-
ductivity of gases compered with metals. The fact that the wall remains
essentially at its original temperature (except possibly for extremely
strong shock waves) justifies the disregard of the variation of wall
state properties with temperatures in equation (28a).

656¢
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The thickness of the wall thexmal boundery leyer Ap can readily

be found. Define the edge of the thermal boundery layer to correspond
with (T - 2)/(C_ - T,) = 0.99. Then, from equation (29),

by = 5.61\,xa0./uw ' (36)

It is of interest to compare Ap with the thermal -boundary-layer thick-
ness in the fluid &p. For convenience, consider the case of week waves.

Equations (11) and (17g), together with the previously defined criterion
for the edge of a thermal boundary layer, give

By = 3.6 V—_x%a—-"’— [1 + O(ufu, - 1)] (37)
%:‘\{% [1 + 0(u fu, - 1)]. (38)

which is of the order of 1 for some air snd metsel wall combinations.

The solution for the wall surface tempersture presented herein is
valid provided the wall thickness is (at least) greater than 4.

Turbulent Boundary Layer

Previously, it wes assumed that the boundary layer behind the wave
was laminar. Now the turbulent-boundary-leyer case will be treated
using integral methods. The solutions will be obtained by extending
empirical, semi-infinite flat-plate, boundary-layer data to the case
where the wall is moving.

Boundary-layer solution. - The integral form of the momentum equa-
tlon is

2 dx pou Ug
u
pe e. 0 e e (39)
=3
ax

where u/ue represents the average velocity. As before, demote the
boundary-leyer thickness by 3 and define a similarity parameter
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bp = y/8. It is necessary to express ufu, as a function of {p- In
studies of the turbulent boundary leyer on a semi-infinite flet plate,

it is customary to assume ufu, = Q%/'? for 0 <{p<1. The use of the

seventh-power law appears to agree with available date, even for high
Mach number flows, and to result in reasonably accuraete relations for
skin friction (e.g., refs. 10 and 11). In order to extend this profile
to the case of a moving wall, it is assumed that the fluid velocities
relative to the well have a seventh-power profile. That is,

for O §T<l,

i’ 2 0 g.1./7w
Ve -~ Uyl 7T
for 1< ¢y, > (20)
|1
© /

It is also necessary to express T/Te (= pe/p) as a function of gT.
The form assumed herein is

for 0sfp<1, ' 3
for 1< tn ’ (1)
where J

b=:31—-:; -1

T T
c=(—T-£-l-T—e-
e W

For a Prandtl number of 1, the dependence of T/Te on u/ue in equations

(41) is the seme as that indicated in equation (12). When the Prandtl
nuniber is not too far from 1, equations (41) should give at least a
reasonsble estimate for T/T..

696¢
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By using equations (40) and (41), the boundary-layer momentum thick-
ness and displacement thickness can be expressed as

-§=7%( -;—Z)E——‘-‘:IS+(1-2-Z—Z)I7-( -%—:)IE;I (42a)

o T

5 e | Y Yy

R AL )5 el
where Ig, Iz, and Ig are functions of b and c defined by the
integral

1
N
IN:: z_d= 3 (45)
o 1+ bz -cz

with N= 6, 7, or 8. A method for evaluating Ly is indicated in
appendix D. It should be noted that the integrals I, and (I, - Ig)

are tabulated in reference 11 for the range -1< b< 10 and

0 ﬁ]-_ < 1. The results were camputed using Simpson's rule. The re-
sults of reference 11 can be used to tabulate values of Ig &and IS‘

The integral Ig 1is found from the relation Is =% - bI7 + clg, which

follows from equation (43). The reciprocels of Igs I, and Ig, based
on the data of reference 11, are presented in teble IV. Reciprocals are
used to permit linear interpolation. When b is near -1 or

c/ (b + 1) is near 1, the linear interpolation becomes inaccurate and use
of appendix D is recommended.

Since 6/5' is independent of x (assuming the wall temperature to
be constant), equastion (39) can be written

T

(44)

’:m
on o
#15e

Pe

o

In order to integrate equation (44), it is necessary to have a relation
between Ty and 5. For incompressible turbulent flow past a semi-
infinite flat plate, the Blasius relastion {ref. 12) is

1/4

T v

WZ = 0.0225 (—9-;) (¢5)
pu uea

e e
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" This formnla can be extended to approximate the compressible flow over
a semi-infinite plate by evaluating the fluid propérties at a suitsable
mesn temperature T (refs. 10, 11, and 13) giving

1/¢
Ty Vm
5 = 0.0225 (—_,,) (468)
pu u b
me e

or
1/4
. o M
= 0.0225 of — (46b)
p u2 ueS

1% 1q 3
(=) @)

From reference 13, a reasonable estimste for Tm is

where

T = 0.5(F_+ ) + 0.22(T, - T,) (47)

When the wall is moving, the logical extension of equation (46b) is to
use veloclties relative to the wall. Thus,

v 1/4=u-u,w

Tw e e
= 0.0225 ¢ ——S— _ = ¥ (48a)
2 u., - u
- u, - o) | e |
Pe(ue uw) I e uw| W
or
T 3/, 1/4
Y 0.0225 -F_w) 12wl (e (48b)
2 Ue e ud
peue e

Equations (48) are expressed, as indicated to ensure that T, has the

same sign as U, - U, which is to be expected from physical considera-

tions. Substitution of equation (48b) into equation (44) permits the
latter to be integrated, for TW constant, giving

§ = 0.0574 q>}—;-/-..z—"—/113 /° |1 - u_fu, 3/ (%)1/5 x (49)

6S6¢
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Other boundary-lsyer parsmeters of interest are

4/s 1/5
1l - u
¥ = 0.0660 £ { g —u"i-i—e |1 - u fu_ 3/5 (-vi) (50)
PUE 5 8/5 u X
Yo . a%
v, 4
4[5 1/5
s* [ 1-u/u I S/S(ve)
0.0460 & |¢ ——5— 1- — 50b
= o) 9/8 uw/ue uex ( )

The heat transfer at the wall can be estimabted using a Reynolds
analogy. For compressible flow over a semi-infinite flat plate, the
Reynolds anslogy may be expressed as (ref. 13)

¢y m{Ty - Tp) . -2/31
m m

9 = w (51)

When the wall moves, an estimate of the heat transfer might be obtained
from .

c. (T -T ) —2/3
qw= Db,m Xe - ‘Ia‘wm TW (52)

It is pointed out in the CORREILATION OF DATA section that the exponent
of o should probebly decrease in magnitude with increasing u,w/ue.

The recovery tempersture Tr is yet to be determined. By amalogy

with the turbulent flow over a semi-infinite flat plate, I,. may be
estimated as (ref. 13)

-T—nl-l-— o7 o (55&)

u
e e e p,m

Ty (uw ) )232&)_

where

r(0) = ?\/'q; (53b)

Equeticn (53s) is solved by iteration since Cp,m 204 r(0) are func-

2
tions of T.. For the laminar-boundary-layer case, r(0) increased with
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an increase in uw/ue. This suggests that equation (53b) might under-
estimate r(0) at the higher values of u,/u,. However, equation (53b)

is probably well within the accuracy of the other assumptions required
to solve the turbulent-boundary-leyer equetions.

Wall surface temperature. - For convenience, it was assumed during
the course of the turbulent-boundary-layer solution that the wall sur-
face temperature was constant with x. The validity of this assumption
can be investigated by solving for the wall temperature as was done for
the laminar boundary layer.

6S6¢

Equating equations (52) and (30), plus equation (48b), gives

e, -m, BI(T/T) -1]
T = 1+B

T

= B(ﬁ' - 1) + 0(B%) (54) .

where

3/10

2/3

B = 0.0815 o5 Eﬁfnﬁ(z_:)- Ue-1/6 ( _%u_e)lls Il e 3/5 ’V—%@?—;_—_ :%-)(%e)

Unlik.e the laminar-boundary-layer case, B varies with x. Therefore,

T /T varies with x, which comtradicts the original assumptions under
which equations (54) were derived. However, equations (54) can be used to
establish the conditions umder which Tw is nearly equel to Ty. The

procedure to follow is to evaluate the right side of equations (54)
assuming T =T,. (Bgs. (33) are spplicable.) If the resulting value

for (T - T )/T, is swall (e.g., less than 0.1 for all values of x

undexr considera:bion) , ‘then the assumption of a constant wall temperature
is reasonably accurate snd the solubtion indicated by equations (54) is
valid.

The conditions under which the well temperature behind a strong
shock wave (Mg >>1, uw/ue-> 6) remains essentially at its original
value will now be determined. Assume is constent, 0 = 1, v = 1.4,
u is proportiomal to T, T € T, and Iy = 1/[(1 +b - e} (@ + 1)}
The latter is the leading term in the expansion for IN when equations

(D3) and (D4) of appendix D are used. The following relations can then
be obtained: -
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- N
o/8 _ 7+ 2(1.1W/ue)
1 - uw/ue 72
19
=z for uw/ue =6

Ty 5.56(u_/u.) - O.ZBEL + (uw/ue)zj
Te = 6luy/ug) - 1

= (%g-) for (v fu;) = 6
o (%g)l/'z for (u fu,) = 6 )

Bvaluating B for u, = 6 and substituting into equations (54) yield,
for Mlz) > 1,

> (55)

3/10

Ty ébTb « 008 ::- :_ (‘f’:e) 2 (56)

Assume the f%uid. to be air and the wall to be cast iron, both initially
at T = 530 R. It is consistent with the assumptions of po«T, o = 1,

and so forth, to consider lk./+/d = k //& . Then %Q: -zl = 0.0004,
W (o)

using the property values of reference 7 for Tw = 'Jlb = 530° R. Equa-
tion (56) becomes

3/10

-T_W_'TTP- £107° (;x-:—‘i) " (57)

Thus, wvhen M  is large, the wall surface temperature will remain within
10 percent of its original value for (xu /v e)3/ loMﬁ <o(10%).

-The preceding solubtion requires that the wall thickness be at least
greater than the wall thermsl-boundary-layer thickness (eq. (36)).
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CORRELATION OF DATA

In order to correlate the data pertaining to the boundary layer
behind a wave, it is necessary to define a Reynolds number which char-
acterizes the flow. -

Consider the t,x-diagram for the flow behind a wave (sketch (a)).

Particle path

Wave t  (external £low)
} /
E
"/
- - —7
X = uyt X —
> X
Sketch (a) ’

An expension wave is indicated in sketch (a) for convenience. When a
particle of the external stream has moved a distance & = (u, - u )t

relative to the wall, it is a distence x = & + u.t, or x = /(1L - uw/ue),
behind the wave. Thus, &= x(1 - u_/u ) is a physical dimension (corre-

sponding to a given x) which characterizes the boundexy-layer develop-
ment. Similarly, (uw - u,) the velocity of the external flow relative

to the wall is the characteristic velocity. The Reynolds number may
then be defined as Re = E(ue - uw)/vW or

Re = (ugx/vy) (1 - u fu,)? (58)

where v is arbitrarily referenced to the wall temperature. Equation
(58) reduces to Re = (uex/vw) for w, = 0. Equation (58) differs by
the factor u e/uw from the Reynolds number defined by equations (32) of
reference 1. For u.;,/ue = 1, the Reynolds number of reference 1l agrees
with equation (58), but for other values of uw/ue » the two Reynolds

nunbers differ. In particular, the Reynolds number of reference 1 be-
comes infinite as v, 0. Hence, equation (58) appears to be a more
useful form. .

The correlation of the laminar-boundsry-layer skin-friction and
heat-transfer data will now be indicated. The local skin-friction coef-
ficient may be defined as

W (59)

2
'??,'- pw(uw - u‘e)

Cf=

6S6¢
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Therefore, using equations (16a), (58), amd (59),
2 £"(0
cpn/RE = V2 £7(0)_ (60)
£ Iuw/ue - ll

where cf-\/ﬁe_ is positive if the wall shear is in the +x-direction.
Equation (60) is positive for O < u.w/ue < 1 and negative for

uw/ue > 1. The magnitude of cfﬁ increases monotonically from 0.664
at ufu =0 to1l.128 at uwfu, =1 end 2.291 at u fu_ = 6. Using
equations (16) and (27), the Reynolds anslogy can be written as,

for 0 uw/ue <1,
0.65$.15(Vue) .

9y %y ~ Y (o) -1 (61a)
T TW - Tr °p,w
for 1< uw/ue < 6,
0.52-0.022(u, /u_)
Sy Uy - U (o) ol =1 (61b)
T ‘]'.'W - L. cp,w

The exponent of Ou is seen to decrease from a velue of 0.65 at
Vu =0 to a value of 0.39 at %/u = 6.
e e

By using equation (50a), together with the definitions of Re and

‘cp a8 given by equations (58) and (59), the turbulent skin friction

cen be expressed as

4

5 Y P,
oshe™® = 0.0020 |2 & —2— _m(_m)
e b Yy Vw \Pw

ue'

The Reynolds analogy proposed for the turbulent case is given by equa-
tion (52), which masy be rewritten as

Ay (ue "u’w) "mzl:ﬁm:L
T_W-(EW-TI') cPJm

(63)
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Comparison of equations (61) and (63) suggests (except for the use of a
mean reference temperature in eq. (63)) that the exponent of o, should

decrease with increasing L\Jue. However, the use of the exponent 2/3

is probably within the accuracy of the other assumptions involved in the
turbulent-boundary-layer analysis.

In reference 4, the boundary layer behind e wave was estimated by
using the concept of "an equivalent semi-infinite flat plate.” That is,
reference 4 assumed "... the properties of a lamina of £luid in the shock
tube which has been in motion with a velocity (ue - uw) for a time ¢

are equivalent to those of & lamina of fluid which has progressed rear-
ward for a period of time t from the leading edge of a semi-infinite
flat plate in a steady flow with free-stream velocity (ue - uw) ceod”

For the laminar case, this is equivalent to replacing equation (60) by

1- u"/ue .
ll - uw/uel (6a)

which is accurate for uw/ue << 1, but underestimates the shear by a
factor of 1.7 at u.w/ue =1 and by a factor of 3.4 at uw/ue = 6. For
the turbulent case, this is equivalent to using equation (62), but with

[ / ( - u——"’) velusted for ufu, = 0. If the varistion of fluid state
3 u, e

properties is neglected, equation (62) can be expressed as

1/5 1 - (u /u
chel/s = 0.0577 (1 +2 u—") ! |:1L - EzJJue;I (65)

7u
vhich bas the values 0.0577, 0.0607, and 0.0705 at u.w/ue =0, 1, and 6,

e
respectively. The fact that the values of chel/ ° for ufu, =0 end

1 g@iffer relatively little suggests that the equivalent flat-plate ap-
proach may give reasonable estimates for the turbulent boundary leyer be-
hind & weak wave. Another interpretation is thet (by comparison with the
leminar solution) the present method underestimates the wall shear for
values of u_/u, obther than those satisfying uw/ue << 1. Note that

the seventh-power velocity profile and the Blasius relation between

shear and boundary-layer thickness (eq. (45)) apply to fully developed
turbulent pipe flow as well as to the turbulent flow over a semi-infinite
flat plate. It is hoped that these expressions are sufficiently univer-
sal so that they can be used herein without modification, except to use
velocities relative to the wall. The validity of this approach must
ultimately be verified by experiment.

cf e = 0.664

6562
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CONCLUDING REMARKS

The boundsry layer behind a shock or thin expsnsion wave moving
into a stationary fluid has been studied. Both laminer and turbulent
boundery layers were considered. The wall temperature behind the waves
wasg also investigated.

For strong shock waves, the boundsery layer behind the shock will
generally have very large temperature gradients normal to the wall. The
assumptions upon which the laminasr-boundary-layer solutions were obtained
(eas. (8)) may then have to be reevalusted. It may be possible to obtain
more accurate estimates of the laminar boundary layer by using some mean
reference temperatures as discussed in appendix C. The choice of the
appropriste mean temperature might be obtained from either experimental
data or by comparison with more accurate integrations of the laminar-
boundary-layer equabions.

The turbulent-boundary-layer solutions presented herein represent
an extension of empirical, semi-infinite flat-plate, boundary-layer data
to the case where the wall is moving. The basic assumptions (especia.lly
those incorporated in egs. (40), (41), and (48)) must ultimately be ver-
ified by experiment, particularly for the case of strong shocks.

It should also be noted that the fluid behind a very strong shock
may be dissociated. Such dissociation introduces complexities of the
boundary-layer problem thet are beyond the scope of this report. Exper-
imental studies of the boundary lsyer behind very strong shocks would
yield fundamental information relsting to boundary-layer development in
a dissocisted fluid.

Lewls Flight Propulsion Laborabtory
National Advisory Committee for Aeronautics
Cleveland, Ohio, February 16, 1956
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APPENDIX A
SYMBOLS

function defined by eq. (32b)
local speed of sound
function defined by egs. (54)
function defined by egs. (41)
function defined by eqs. (41)
local skin-friction coefficient, 'l:w/%" pw(u.w - ue)z
specific heat at constant pressure
complimentary error function
function of 17 defined by eq. (6)
integral defined by eq. (43) where N=6,7, or 8
thermal conductivity
Mach number in x,y-coordinate system, M, = (u/2.), ete.
pressure
rate of heat transfer in +y-direction

gas constant

2

u

Reynolds number, _;ef ( - E--W)
W

Ve

function defined by egs. (15)

function defined by eqs. (15)

sbsolute static temperature, °R

absolute mean static temperature (e.g., eq. (47)), °R

absolute wall surface static temperature for zero heat tramsfer,
°R

time
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on

velocities parallel to x,y-axes

velocity of wall in x,y-coordinate system

velocities parallel to X,y-axes

velocity of wave in ;c.,?-coord:lnate system

coordinates stationary with respect to wave (fig. 1(b))
coordinates stationary with respect to wall (fig. 1(a))
diffusivity, k/pcp

ratio of specific heats

wall thermeal-boundary-layer thickness corresponding to
T - T,

e = 0,99
T - Ty
fluid velocity-boundary-layer thickness corresponding to
u -
2% 0.99
u, -

fluid thermal-boundary-layer thiclmess corresponding to
T-T
W

Te - T,

= 0.99

fluid velocity-boundary-layer thickness from Pohlhausen viewpoint

Pele

fluid boundary-leyer displacement thickness, ! ( - —&) ay

similarity paremeter for integral solution of laminar case, q/qg

similarity parameter for integral solution of turbulent case,
/3

similarity parameter, eq. (5)

value of 1 corresponding to y = ©

o0
fluid boundary-layer momentum thickness, oy (l - E—) ay
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v coefficlient of viscosity

v kinematic viscosity

P nags density

o Prandtl number, uc p/k

T local shear stress exerted by fluid on wall

9 function defined by eq. (46b)

i stream function (eqs. (4))

Subscripts:

b undisturbed flow shead of wave

e flow external to f£luid boundaxry layer

m quantity evaluated at T,

w quantity evaluated just above wall surface, y = OF
0= quantity evaluated just below wall surface, y = O~
Superscripts:

! denotes differentistion with respect to 1
Special notation:

o( ) order of magnitude

656¢
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APPENDIX B

WAVE RELATTONS

For convenience, useful equations relating conditions across a wave
are noted herein. Shock waves and expansion waves are considered
separately.

Shock wave (uw/ue > 1). - Consider the flow in the X,y-coordinate

system (i.e., coordinate system moving with the shock). Iet subscript
b designate the undisturbed flow upstream of the shock wave and

I V
Uy = Uy Ue
—_— —_—
T’b’ &b’ Pb Te’ a’e, Pe
-_ -
/
7~

/7 X, U
}/////// 7/ /////////:!" ]

subscript e +the flow downstream of the shock wave and external to the
boundary layer. Note that w, =u,. so that M = ub/ab = uw/a.b. Then,
from ordinary shock-wave theory,

Uy (T+1)M§ )
Yo (r-1M2+2 \ o)
Bl

= SM% for v = 1.4

ME+5 J

Mﬁ - ZIIW/ue
r+1) - (r - 1)(u /u.)

_ 5u.w/ue (BZ)

—E-T—(uw/_ue) for T =1l.4
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_ 2
i - (r + L(u,/u,) - & - 1) $
_ 5 or T = (83)
= G(Uw/ue) 7 £ T =1.4
J
T, O+ 1)(u,/u) - r - 1) )
o (u /ol +1) - O - 1)(u,/u)]
6o fus) - 1 (B4)
= uw‘l‘le _ = or = .
a5 )[ - (/e ] or ¥ =14

Expansion wave (uw/ue) < 1). - The expansion wave is assumed to have

negligible thickness. In the E,-y--coordinate system (i.e., fixed with
respect to wall) » the actusel and assumed form of the expansion wave is

as follows: .
Expansion
wave
ug = -8y aT % % el
-] ——] — Y v
Tor opr By Ty &1 Py | Te, 8es D
/_— _ -
777777777 IS S S S T X u
Actual expansion wave Asgumed expansion wave

The discontinuity moves with velocity Ed = -8, into the undisturbed

fluid. Conditions on either side of the assumed expemnsion wave are the
same as shown for the actual wave. In the x,y-coordinate system the
following figure applies:

Js V
W, = & e,
—
Ty Sps By Ter fer Pe
’_——_

"
77777777 T 777777777/ X, u
et
u.w=a.b

6S6¢S
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The state properties across the wave are defined by the isentropic

T-1 T-1

relations a.e/ea.b = (Te/']lb)l/ 2. (pe/pb)T = (pe/pb)_z_r- Other equa-

tions of interest are

| 1) )
Pe _ E Yy -1 1- (uw/ue)]ZY/(T 1
B -T2 u
Py i u‘W’/ e g (85)
- 7
6(u,/u,) - 1]
= for v = 1.4
Su_/u
Ul Ve )
. )
- S r-1)/2r
u, ] Y-
(r +1) - 2(p/py) \ (36)
1
= for v =1.4
6 - 5(pe/pb)lﬁ
J
2 )
M =
= O+ 1w fu) - (r - 1) L
(B7)
= S o = 1.
_G(uW/ue)-l for r¥ 14)
B 2 )
Eq= 1.1 -11- (uw/ue)]
Ty i 2 Uyl Y | (B8)

- 2
i(u‘s’l/,‘ujl)le— l] for y = 1.4

/
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APPENDIX C

TAMINAR-BOUNDARY-LAYFR SOLUTION REFERENCED
TO A MEAN TEMPERATURE

In the body of this report, the laminsr-boundary-lasyer solution
was cbtained by assuming that ¢ and k are proportional to T and
that ¢ and c¢_ are comstant, all referenced to wall conditions

b
(eqs. (8)). The question naturally arises as to whether the use of a
mean reference temperature Tm would lead to more accurate correla-

tions with exact (in regard to fluid properties) integrations of the
laminar-boundary-layer equations.

If a mean reference temperature is used in equations (16), they
become

Ty = ugE™(0) uepz;lum (c1)
u_p. c
g, = -s'(0)(T, - T,) _%n_“g (—%f) (ce)
Ve pmﬂ,"m (uw )2 ug
—_—= 1 - f 1 a
u, Pg que Tl'i:’l’ (n ) + u ZTecp,m T dn +
0
T [--]
(—:—w- - -,ji)f s dn (c3)
© 0
where
e S (P_w - )2 Lex() (c4)
T U ZTecp,m

and the solutions for » and 8 are considered functions of O'm. In
reference 13, it is found that the choice

T, = 0.5(T_+T) + 0.22(T, - T) (cs)
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correlated equations (Cl) and (C2) with accurate integrations of the
boundary-layer equations. Flow past a semi-infinite flat plate is
considered therein. Equation (C5) should slso provide improved estimates

for <. eand q, for 1%,/ue #£.0. If Ve/ue is to be correlated with

accurate integrations of the boundary-leyer equations, another estimsate
for T might be called for. Note that equation (055 defines the mean
temperature which was used in the turbulent-boundary-layer analysis.
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APPENDIX D

EVALUATION OF Iy

The turbulent—bomdai'y-layer analysis requires evaluation of the

integral
1
Iy = f zlaz = (43)
o 1l+bz -cz

vhere N =6, 7, or 8, and
Q

b =

()

The denominator of equation (43) may be factored so that
(e)(x-A)(x-B)=1+Dbx - cx® where

£
)

from physical arguments b > -1, ¢ >0, and 0< 755 <1 Tt cen then
be shown that B< 0O and M >1. Equation (43) can now be written as

-1

447

H Hli
i:I-EII mI—Il

A

™
]
S

= e (g - T,) o)

+ 4c

—n

656<
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The integrals IN,ﬁ and IN,X can be integrsted as follows:

lzN 1 1 N
wen | £ [ g [ (e
0 ) 0
N m
o (4523 1] =

Similarly, for IN,M

Iy = N E_n (X—il) + i %(%)n] (D2b)

m=1

The logarithm term is very nearly equal and opposite to the summation
term, in equations (D2a) and (D2b), for velues of B not close to zero
and values of A\ not close to 1, respectively. Hence, each of these
terms must be evaluated very accurately in order to get accurate esti-
mates of IN,B and IN,X' For values of B not close to zero and val-

ues of A not close to 1, alternate expressions for Iy 8 and Iya
are desirable. Since B <O, ’ )

m
= =—Z2) a4z
e =T-p 1-B>

|
=t
%,_.
[
lN
P
H]-]g
111
wiN
S’ |
]
~
§ |
™
NG|
é\
[
Ny
/\
]
1

1 Nim! 1 \®
1-8 N+m+1)!\1 -8/
m=0

_ 1 i - 2!
(N'+ l)(l - B—)E * (N + Z)CL - B) * (N + 3)(N + 2)(1 - B)E * ]

(D3)
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Since A >1,
l - -]
2Nz 1 m
Iy = 1-x'x(1-x)zf(l-z)zN(-f:)dz
0 =0 \JJO

§ - i
_ 1 1 1
T W@ =) l'(N+l)ZJ:-(N+m)(N+m+D(T):I
- =

_ 1 1_ (N + 1) - (W+1)
(+21)(1 -2) N W+ 1)(W+ 2 (N+2)(N+3)x2

(D4)

Equations (D3) and (D4) converge rapidly for B << O sand A >> 1.
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TABIE I. - LAMINAR BOUNDARY LAYER BEHIND WAVE (EQS. 9 AND 15)

(a) Solution for u,/ue =0
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TABLE I. - Continued.

43

LAMINAR BOUNDARY LAYER BEHIND WAVE (EQS. 9 AND 15)

(b) Solution

for uw/ue = 0.25

Prandtl muber o, 0.72
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PABLE I. - Continued. LAMINAR BOUNDARY LAYER BEHIND WAVE (EQ,S. 9 AND 15)
(c) Solution for uw/'ue = 0.50

Prandtl mumber o, 0.72
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LAMINAR BOUNDARY LAYER BEHIND WAVE (EQS. 9 AND 15)

{d4) Solution for u“/ue = 0,75

- Continued.
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LAMINAR BOUNDARY LAYER BEHIND WAVE (EQS. 9 AND 15)

- Continued.

TABLE I.

(e) Solution for uyfu, = 2 (ref. 1)
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LAMINAR BOUNDARY LAYER BEHIND SHOCK WAVE (EQS. 9 AND 15)

-~ Continued.

TABLE I.

(£) Solution for uy/ue = 4 (ref. 1)
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LAMINAR BOUNDARY LAYER BEHIND SHOCK WAVE (EQS. 9 AND 15)

- Concluded.

TABLE I.

3959
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TABLE IT. - COMPARTSON OF INTEGRAL METHOD WITE .

EXACT INTEGRATTION OR EQUATION (9)

U/t

0 j I 6

(Bq. (9) |Eq. (25} | Bar (9)] Eq. (25) |Eq. (9) [Eq. (28|

1" !
£°(0). 0.4696 0.4847

'0.7979 | 0.7746 | 1.6202 | L.5574&

i i 1

Lim =L L1168 | 1.2379 |0.7979 | 0.7746 [0.4249 | 0.3853
e 1 - 'uw i . ! I




TABLE ITII. - COMPARISON OF INTERPOLATION FORMULAS WITH EXACT INTEGRATIORS

OF EQUATIONS (9) AND (15)(PRANDTL FUMBER oy, 0.72)

uw/ue
0.25 0.50 0.75 2.0 4.0
Ega. Eq. Egs. Eq. Eqa. Eq. Eqs. Eg. Egse. Eq.
(), (15)| (27) ((9), (18)|(27) ((9), (15)|(27) |(9), (1B)| (27) [(9), (15)| (27)
I-:E%%E%a'y 0.5727 |0.570| 0.6574 |0.655 | 0.7312 |0.730| 1.0181 |1.017| 1.3541 |1.353
e .
lim -——312—5——7 1.0448 |1.054 | 0.9%60 |0.944 | 0.8580 |0.862| 0.8486 |0.650| 0.5015 |0.503
e 1 - (uy/ug
‘/" r dy 1.3970 |1.396 | 1.2822 |1.279|1.1964 |1.194] 0.0482 |0.940| 0.7615 |0.754
0
e ay 1.1974 |1.201{1.085¢ [1.087 |1.0088 |1.004(0.7767 [0.774{ 0.6139 [0.610
Jo
-81(0) 0.4996 |0.502 | 0.5665 |0.569|0.6247 |o0.627| 0.8512 [0.856| 1.1156 |1.122
(0) 0.8628 |0.858 | 0.8727 |0.867|0.8799 [0.876] 0.8997 |o0.893| 0.9129 {0.907

Z21.e NI VOVE
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TABLE IV. - RECIFROCALS OF INTEGRALS OCCURRING IN TURBULENT-BOUNDARY-LAYER ANALYSIS

(a) Reciprocal of Ig (based on numerical results of ref. 11)

51

[ b
b+1l5306] -.8 -.6 - -.2 0 2 4 6 8 10
0 0 |1.e58 |3.270 |4.551 [5.770 |6.998 | 19.07 [31.00 |42.96 |54.88 |66.84
.100 1.850 [3.036 |4.195 |5.328 |6.452 | 17.49 |28.45 |39.3¢ |50.15 |é1.05
.200 1.700 |2.799 |3.851 |4.883 |5.900 { 15.92 |25.83 |35.74 |45.62 [55.46
300 1.567 |2.557 |3.505 |4.427 |5.342 | 14.51 |23.19 |32.06 |40.90 |49.70
.400 1.430 |2.310 |3.149 |5.967 |4.776 | 12.70 [20.5¢ |28.39 |36.17 |43.94
.500 |- 1.288 |2.056 |2.784 |35.495 |4.196 | 11.06 |17.8¢ |24.65 |Z1.43 |38.02
.600 1.139 [1.792 |2.410 |3.011 |3.60¢ | 9.39%0 |15.11 |20.79 |=26.52 [32.28
.700 .9814 | 1.516 |=2.018 | 2.507 |=2.988 | 7.660 [12.29 |16.91 |21.52 |26.06
.750 .8969 [ 1.370 |1.814 |[2.244 |2.706 | 6.789 |10.86 |14.89 |18.91 [23.02
.800 .8071 | 1.217 |1.598 |1.970 |2.33a | s5.869 | 9.365 |12.8¢ |16.31 |19.80
.850 .7097 | 1.05¢ |1.372 |1.e82 |1.985 | 4.921| 7.8%1|10.70 |13.58 |16.44
.900 .5995 | .8726 |1.125 ]1.366 |1.603 | 3.897 | 6.150| 8.410|10.63 |12.86
.950 .4575 | .6418 | .s285| .9960 |1.161 | 2.738| 4.288| 5.865| 7.391 | B.945
.975 3469 | .5005 | .6317| .7559| .s7es| =2.027 | 3.151| 4.270| 5.397 | 6.527
1.000] ¥ |o o 0 0 ) 0 0 0 o
(b) Reciprocel of I (based on mmerical results of ref. 11)
c b
b+l 0] -8 -.6 -4 -2 0 2 4 6 8 10
o 0o |2.75 |3.683 |5.142 | 6.581 | 8.009 | 22.12 | 36.16 | S50.18 | 64.20 |78.21
.100 2.027 |3.411 |4.746 [ 6.061 | 7.366 | 20.25 | 33.06 | 45.85 | 56.64 |71.45
.200 1.879 | 3.135 |4.345 | 5.536 | 6.717 | 18.56 | 29.94 | 41.50 | 53.05 |6t.62
.300 1.726 | 2.855 |3.940 | 5.006 | 6.062 | 16.47 | 26.81 | 57.13 | 47.45 |57.77
400 1.570 | 2.570 | 3.528 | 4.468 | 5.398 | 14.56 | 23.65 | 32.75 | 41.80 |S0.88.
.500 1.409 | 2.278 |3.107 | 5.920 | 4.724 | 12.62 | 20.46 | 28.28 | 36.10 [43.92
.600 1.240 |1.976 | 2.675 | 3.359 | 4.034 | 10.66 |17.22 | 23.78 | 30.32 |36.87
.700 1.062 |1.660 |2.226 | 2.778 | 3.322 | 8.645]15.90 |19.17 | 24.43 |29.68
.750 .9672 | 1.495 |1.992 | 2.476 | 2.952 | 7.e09|12.22 |16.82 | 21.41 |26.01
.800 .8668| 1.322 |1.748 | 2.165 | 2.570 | 6.548|10.48 | 14.41 | 18.35 |22.25
.850 7584 | 1.138 [1.491 |1.8%¢ | 2.170 | 5.447| 8.685|11.91 | 15.14 |18.37
.800 .6360 | .9350 [1.211 |1.478 |1.758 | 4.278| 6.783] 9.282| 11.78 |14.27
.950 .4805| .6924 | .8826]1.064 |1.243 | 2.965| 4.662| 6.35¢| s.044| 9.733
.975 .3606 | .5247| .e657| .7987| .9279| =2.165| =.381| 4.593| 5.s04 7.00¢
1.000| ¥ |o 0 0 0 0 0 0 0 0 )
(c) Reciprocal of Ig (based on mmerical results of ref. 11)

[ b

b+l 0] -8 -8 —4 -.2 0 2 1 6 8 10
0 o |2.388 |4.092 |5.74¢ {7.380 |9.001 | 25.11 |41.27 [57.18 | 73.21 |e9.z1
.100 2.221 |3.781 |5.294 |6.784 |8.264 | 22.95 |37.57 |52.16 | 66.76 |81.37
.200 2.05¢ |3.467 |4.8%6 |6.18¢ |7.519 | 20.76 |=33.96 |47.10 | 60.28 |75.42
.300 1.882 |3.149 |4.373 |5.574 |s6.770 | 18.58 |30.35 |42.07 | 53.82 |65.58
.400 1.707 |2.827 |3.905 |4.963 |6.010 | 16.38 |26.69 |36.98 | 47.26 |57.57
.500 1.527 |2.496 |5.425 |4.338 |5.241 | 14.15 |23.00 |31.85 | 40.68 |49.50
.600 1.338 [2.156 |2.936 |3.70L |4.456 | 11.90 |19.28 |=26.67 | 34.03 |41.41
.700 1.140 [1.801 |2.430 |3.043 |5.650 | 9.597 |15.48 |21.38 | 27.26 |33.13
.750 1.035 |1.617 |2.166 [2.705 |3.251 | 8.418 {13.56 [18.68 | 25.80 |28.94
.800 .9242 {1.424 |1.895 |2.350 |2.801 | 7.210 |11.57 |15.95 | 20.28 |24.64
.850 .8045 {1,219 [1.606 |1.983 {2.352 | 5.965 | 9.542 | 13.09 | 16.66 |20.22
.900 .6711 | .9950 {1.295 |1.586 |1.872 | 4.645 | 7.386|10.12 | 12.86 |15.58
.950 5023 | .7204 | .9337 |1.129 |1.322 | 3.179 | 5.000| 6.840| 8.666]|10.49
.975 3754 | 5475 | .6974| .es589| .9766| 2.296 | 3.592 | 4.885| 6.177] 7.468
1.000| ¥ |o 0 0 0 0 0 0 0 0 0
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1 (b) With respect to wave.

Figure 1. — Coordinate systems used to study boundary layer behind a wave
advancing into & stationary fluid.
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Pigure 2. - Temperature and velocity distributions behind a shock wave.
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